In this short note, we give a simple derivation of the strong subadditivity inequalities: S 1 ∪ 3 + S 2 ∪ 3 ≥ S 1 + S 2 and S 1 ∪ 2 + S 2 ∪ 3 ≥ S 2 + S 1 ∪ 2 ∪ 3 . The simplicity is due to the way we represent the quantum systems. We make a few remarks about such a representation.
One considers quantum systems in pure states, two quantum systems being entangled et cetera. Consider two quantum systems, denoted as 1 and 2, which have zero initial entanglement between them. Imagine building up entanglement between them by the following protocol:
• Take an EPR pair. Send one EPR partner to system 1. This partner will then interact with system 1 and, together, they will evolve unitarily.
• Similarly, the other EPR partner is sent to system 2. This partner will then interact with system 2 and, together, they will evolve unitarily. Systems 1 and 2 are otherwise kept isolated.
• Repeat the above steps n 12 times so that n 12 units of entanglement entropy are built up between systems 1 and 2 .
Two systems : subadditivity and triangle inequalities
Imagining that any entanglement entropies can be built up by such a protocol, we represent systems 1 and 2 as 1 :
where (n 12 , N 1 , N 2 ) are all non negative; N 1 denotes possible entanglement of system 1 with some environment; similarly N 2 denotes that of system 2 ; and ∼∼∼ denotes the rest of the systems which have no entropic content. Keeping in mind the construction protocol for the entanglement entropy, imagining operating it in reverse, and invoking the monogamy of entanglement, it follows that the entropies S 1 of system 1, S 2 of system 2, and S 1 ∪ 2 of systems 1 and 2 together are given by
We immediately obtain the subadditivity and the triangle inequalities [1]
Three systems : strong subadditivity inequalities When three systems 1, 2, and 3 are present, we represent them as 1 : n 12 ; n 13 ; N 1 ; ∼∼∼ 2 : n 12 ; n 23 ; N 2 ; ∼∼∼ 3 : n 13 ; n 23 ; N 3 ; ∼∼∼ where (n 12 , n 13 , n 23 ) and (N 1 , N 2 , N 3 ) are all non negative and their meanings are as before. Again, as before, it follows that the various associated entropies are given by
We now immediately obtain the strong subadditivity inequalities [1]
This is our simple derivation. Its simplicity and directness are evidently due to the way we have represented the quantum systems. To elevate this derivation to a proof, one has to show that any quantum system can be represented by, or mapped to, the representation given here -atleast as far as the entropy properties of the system are concerned. We do not know how to show this.
However, considering our construction protocol for the entanglement entropy and its operation in reverse, the representation given here seems physically reasonable. As we have seen, it leads to the subadditivity inequalities in a simple and direct fashion. Therefore, at the least, such a representation can be used to gain more intuition and, by applying to multi systems, may also be used to obtain more inequalities.
